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Abstract. Let X bo a smooth curve defined over the fraetion field K of a 
complete d.v.r. R, and let K' / K be a tame extension. We study extensions of 
the G = Gal(ii''/ii')-action on Xj^i to certain regular models of Xj^i over 
the integral closure of R in K' . In particular, we consider the induced action 
on the cohomology groups of the structure sheaf of the special fiber of such a 
regular model, and obtain a formula for the Brauer trace of the endomorphism 
induced by a group element on the alternating sum of the cohomology groups. 

We apply these results to study a natural filtration of the special fiber of 
the Neron model of the Jacobian of X by closed, unipotent subgroup schemes. 
We show that the jumps in this filtration only depend on the fiber type of 
the special fiber of the minimal regular model with strict normal crossings 
for X over R, and in particular are independent of the residue characteristic. 
Furthermore, we obtain information about where these jumps occur. We also 
compute the jumps for each of the finitely many possible fiber types for curves 
of genus 1 and 2. 



1. Introduction 

Let X be a smooth, projective and geometrically connected curve of genus 
g{X) > 0, defined over the fraction field if of a complete discrete valuation ring 
_R, with algebraically closed residue field k. By a model for X over i?, we mean 
an integral and normal scheme X that is flat and projective over S ~ Spec(i?), 
and with generic flber Xk = X. The special fiber Xk of such a model is called a 
reduction of X. 

The semi-stable reduction theorem, due to Deligne and Mumford ([6], Corollary 
2.7), states that there exists a finite, separable field extension L/K such that Xl 
admits a semi-stable model over the integral closure Rl of in L. 

In order to study reduction properties of X, it can often be useful to work with 
the Jacobian J/K oi X. The question whether X has semi-stable reduction over 
S = Spec(i?) is reflected in the structure of the Neron model J /S (cf. [5]) of J. In 
fact, X has semi-stable reduction over S if and only if J7°, the identity component 
of the special fiber, has zero unipotent radical ([6], Proposition 2.3). 

In general, it is necessary to make ramified base extensions in order for X to 
obtain semi-stable reduction. If the residue characteristic is positive, it can often 
be difficult to find explicit extensions over which X obtains stable reduction. In the 
case where a tamely ramified extension suffices one can do this by considering the 
geometry of suitable regular models for X over S (cf. [10]). In this paper we study, 
among other things, how the geometry of the Neron model contains information 
that is relevant for obtaining semi-stable reduction for X . 

1.1. Neron models and tame base change. Let K' /K be a finite, separable and 
tamely ramified extension of fields, and let R' be the integral closure of R in K' . 
Then R' is a complete discrete valuation ring, with residue field k. Furthermore, 
K' /K is Galois, with group G = where n = dcg{K' / K). 
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The research was partially supported by the Fund for Scientific Research - Flanders (G. 0318. 06). 



2 



LARS HALYARD HALLE 



Let J' I S' be the Ncron model of the Jacobian of X/^/, where S' = Spec(i?'). 
Due to a result by B. Edixhoven ([21, Theorem 4.2), it is possible to describe J jS 
in terms of J' / S' , together with the induced G-action on J' . Namely, if W denotes 
the Weil restriction of J' / S' to S (cf. [3], Chapter 7), one can let G act on W in 
such a way that J = W'^ ^ where W'~^ denotes the scheme of invariant points. In 
particular, one gets an isomorphism Jk = . By [9], Theorem 5.3, one can use 
this description of Jk to define a descending filtration 

of Jk by closed subgroup schemes. 

In [9], Remark 5.4.5, a generalization of this setup is suggested. If we define 
jri/n _ pi^^ where is the i-th step in the filtration induced by the extension of 
degree n, one can consider the filtration 

with indices in Z(p-) n [0, 1]. The construction of T'^ is independent of the choice of 
representatives i and n for a = i/n. 

The filtration {^°} contains significant information about J . For instance, the 
subgroup schemes J-"" are unipotent for a > 0, so in a natural way, this filtration 
gives a measure on how far J /S is from being semi-abelian. 

One way to study the filtration {^"} is to determine where it jumps. This 
will occupy a considerable part of this paper. The jumps in the filtration often 
give explicit numerical information about X. For instance, if X obtains stable 
reduction after a tamely ramified extension, we show that the jumps occur at indices 
of the form i /h, where h is the degree of the minimal extension that realizes stable 
reduction for X. 

It follows from Edixhoven's theory that to determine the jumps in the filtration 
{i^^} induced by an extension of degree n, one needs to compute the irreducible 
characters for the representation of /x„ on the tangent space Tj^ q. We shall use such 
computations for infinitely many integers n to describe the jumps of the filtration 
{J-°'} with rational indices. 

1.2. Neron models for Jacobians. Contrary to the case of general abelian vari- 
eties, Ncron models for Jacobians can be constructed in a fairly concrete way, using 
the theory of the relative Picard functor (cf. [3j, Chapter 9). The following property 
will be of particular importance to us: If Z/S' is a regular model for Xk' / K' , then 
there is a canonical isomorphism 

where Pic^/g' (resp. {J'Y') is the identity component of Pic^/s' (resp. J'). It 
follows that there is a canonical isomorphism 

We shall work with regular models Z of Xk' that admit G-actions that are 
compatible with the G-action on J' . It will then follow that the representation of 
G on Tji^ Q can be described in terms of the representation of G on H^{Zk, Oz^)- 

1.3. Models and actions. In order to find an 5'-model for Xk' with a compatible 
G-action, we take a model X oi X over S, and consider its puUback Xs' to S' . Let 
y ^ X' ^ Xs' be the composition of the normalization with the minimal desin- 
gularization. Then 3^ is a model of Xk' with an action of G that lifts the obvious 
action on Xs'. The G-action restricts to the special fiber 3^^, and in particular, G 
wiU act on the cohomology groups H'^{yk, Oy^), for i = 0, 1. 

In order to understand the G-action on H^{yk, Oy^), we need a good description 
of the geometry of y and of the G-action on y. For this purpose, we demand that 
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the model X has good properties. To begm with, we shaU require that X is regular, 
and that the special fiber is a divisor with strict normal crossings. Furthermore, 
we shall always require that any two irreducible components of A:^, whose multi- 
plicities are both divisible by the residue characteristic, have empty intersection. 
This condition is automatically fulfilled if X obtains stable reduction after a tamely 
ramified extension, but holds also for a larger class of curves. 

Under these assumptions, it turns out that the normalization X' of Xgi has at 
most tame cyclic quotient singularities (cf. [S], Definition 2.3.6 and [10] . Paper I 
Proposition 4.3). These singularities can be resolved explicitly, and it can be seen 
that 3^ is a strict normal crossings model for X^' ■ 

We shall also only consider the case where n = deg{K' / K) is relatively prime 
to the multiplicities of all the irreducible components of X^- With this additional 
hypothesis, it turns out that we can describe the combinatorial structure of the 
special fiber (i-e., the intersection graph of the irreducible components, their 
genera and multiplicities), in terms of the corresponding data for Xk- 

If all the assumptions above are satisfied, it follows that all irreducible compo- 
nents of yk are stable under the G-aetion on y, and that all intersection points in 
yk are fixed points. We can explicitly describe the action on the cotangent space of 
y at these intersection points, and the restriction of the G-action to each irreducible 
component of yu . 

1.4. Action on cohomology. Next, we study the representation of G = /i„ on 
H^{yk,Oy^). In particular, we would like to compute the irreducible characters 
for this representation. So for every g G G, we want to compute the trace of the 
endomorphism of H^(yi;, '^y'k) induced by g, and then use this information to find 
the characters. 

There are some technical problems that need to be overcome in order to do this. 
First, since we allow the residue characteristic to be positive, just knowing the 
trace for each g € G may not give sufficient information to compute the characters. 
Instead, we have to compute the so called Brauer trace for every g £ G (cf. [18j . 
Chapter 18). This means that we have to lift the eigenvalues and traces from 
characteristic p to characteristic 0. From knowing the Brauer trace for every g € G 
we can compute the irreducible Brauer characters, and then the ordinary characters 
are obtained by reducing the Brauer characters modulo p. Second, the special 
fiber y^ will in general be singular, and even non-reduced. This complicates trace 
computations considerably. 

To deal with these problems, we introduce in Section [6] a certain filtration of the 
special fiber yk by effective subdivisors, where the difference at the i-th step is an 
irreducible component G; of yk ■ Since y is an SNC-model, each Gi is a smooth and 
projective curve, and with our assumption on n, the G-action restricts to each G,;. 
Furthermore, to each step in this filtration, one can in a natural way associate an 
invertible G-sheaf Ci, supported on G^. 

We apply the so called Lefschetz-Riemann-Roeh formula ([8], Corollary 5.5), in 
order to get a formula for the Brauer trace of the endomorphism induced by each 
5 G G on the formal difference _ff"(Gi,£i) — H^{Gi, Ci). An important step is to 
show that our description of the action on 3^ is precisely the data that is needed 
to obtain these formulas. Then we show that these traces add up to give the 
Brauer trace for the endomorphism induced by each g € G on the formal difference 
H'^{yk,Oyf.) — H^{yk,Oy^). In particular, we give in Theorem 17.111 one of the 
main results in this work, a formula for this Brauer trace, and show that it only 
depends on the combinatorial structure of Xk. 

Let us also remark that in our situation, we already know the character for 
H^{yk, Oy^), and hence we will be able to compute the irreducible characters for 
H\yk,Oy,) in this way. 
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1.5. Conclusions and computations. If now X / S is the minimal regular model 
with strict normal crossings for X/ K, we prove in Theorem 18.21 that the irreducible 
characters for the representation of G = /i„ on ©3;^. ) only depend on the 
combinatorial structure of the special fiber Xk, as long as n is relatively prime 
to where I is the least common multiple of the multiplicities of the irreducible 
components of Xk- 

Let J be the Neron model of the Jacobian of X. Then it follows from Theorem l8.2l 
that the jumps in the filtration {!F°'J^k\ only depend on the combinatorial structure 
of Xk fCorollarv l8.3|) . This is due to the fact that Z(pj) n [0, 1] is "dense" in Z(p) n 
[0,1]. Furthermore, in CoroUarv 18. 4i we draw the conclusion that the jumps are 
actually independent of p, and that the jumps can only occur at finitely many 
rational numbers of a certain kind, depending on the combinatorial structure of X^. 

For a fixed genus 5 > 1, there are only a finite number of possible combinatorial 
structures for X^, modulo a certain equivalence relation. In case g ^ 1 or g = 2, one 
has complete classifications (cf. [13] for g = 1 and [16], [TTj for g — 2). In Section 
[8] we compute the jumps for each possible fiber type for 5 = 1 (which were also 
computed by Schoof in [9]) and for (7 = 2. 

1.6. Acknovifledgements. I would like to thank Bas Edixhovcn for suggesting this 
subject to me, and generously sharing his ideas. I would also like to thank my thesis 
advisor Carel Faber for discussing the material in this paper with me. 

2. Neron models and tamely ramified extensions 

2.1. Let i? be a discrete valuation ring, with fraction field K and residue field 
k, and let A be an abelian variety over K. There exists a canonical extension of 
A to a smooth group scheme A over 5" = Spec(i?), known as the Neron model 
([2, Theorem 1.4/3). The Neron model is characterized by the following universal 
property: for every smooth morphism T ^ S, the induced map A{T) — > A(Tk) is 
bijective. 

2.2. We assume from now on that R is strictly henselian. Let K'/K be a finite, 
separable extension of fields, and let R' be the integral closure of Rin K' . Let A' / S' 
denote the Neron model of the abelian variety Ak'/K', where S' ~ Spec(i?'). In 
general, it is not so easy to describe how Neron models change under ramified base 
extensions. However, in the case where K'/K is tamely ramified, one can relate 
A' /S' and A/S in a nice way, due to a result by B. Edixhoven ([5], Theorem 4.2). 
We will in this section explain this relation, following the treatment in [9j. We refer 
to this paper for further details. 

Assume now that K'/K is tamely ramified. Then K'/K is Galois with group 
G ~ where n = [K' : K]. Let G act on Ak' ~ A Xspec{K) Spec(if') (from 
the right), via the action on the right factor. By the universal property of A', this 
G-action on Ak' extends uniquely to a right action on A' , such that the morphism 
A' S' is equivariant. The idea in [3] is to reconstruct A as an invariant scheme 
for this action. However, since A is an S'-scheme, it is necessary to "push forward" 
from S' to S. 

2.3. The Weil restriction of A' to S is the functor Hgi ^g{A' / S') defined by as- 
signing, to any S'-scheme T, the set Ug' /siA' / S'){T) = A'{Ts') (cf. [2, Chapter 7). 
This functor is representable by an S-schemc, which we will denote by Ils'/s{^' /S')- 

In [9], an equivariant G-action on Hg/ /g{A' / S') is defined, corresponding to the 
G-action on A' . Furthermore, there is a canonical morphism 

A^Us^/siA'/S'), 
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which, according to [5], Theorem 4.2, is a closed immersion, and induces an isomor- 
phism 

(2.1) A^{Us./s{MlS')f. 

where {Jlgi i g{A' / S'))'^ denotes the scheme of invariant points for this G-action. 

2.4. Filtration of Ak- One can use Isomorphism p.ip to study the special fiber 
Ak in terms of A'f., together with the G-action. Indeed, let R C R' = i?[7r']/(7r'" — tt) 
be a tame extension, where tt is a uniformizing parameter for R. Then we have that 
R'/irR' = fc[7r']/(7r'"). For any fc-algebra G, it follows that 

Ak{C) - X^{C) - XkiCf - ^'(G[7r']/(V"))^, 

where X = Ug' /siA' / S'). 

In [9], Chapter 5, this observation is used to construct a filtration of Ak- To do 
this, let us first consider an i?-algebra G. From Isomorphism (|2.1[) one gets a map 

A{C) ^ A'{C (»rR'), 

which further gives 

A{C) ^ A'{C (»R R') A'{C (»R R'/{tt")), 

for any integer i such that < i < n. Define functors F'^Ak by 

FMfe(G) = Kcr(^(G) ^ A'{C (^r R'/{tt"))), 

for any k = i?/(7r)-algebra G. The functors F'^Ak are represented by closed sub- 
group schemes of Ak, and give rise to a descending filtration 

(2.2) Ak = i^Mfc 3 F^Ak 2 ■■■2 F"Ak = 0. 

2.5. The successive quotients of Filtration (|2.2p can be described quite accurately: 
Let Gr^Ak denote the quotient F^Ak/F^'^^Ak, for i G {0, . . . , n — 1}. Then, accord- 
ing to Theorem 5.3 in [9], we have that Gr^{Ak) — {A'/^)^", and for < i < n, we 
have that 

Gr'Ak=T^'^fl{i] ®fc {m/m^ f\ 
where m C i?' is the maximal ideal, and where T^'^^Q[i] denotes the subspace of 
"^A'^.o where ^ G acts by multiplication by In particular, we note that the 
group schemes F^Ak are unipotent for i > 0. 

The filtration jumps at the index i G {0, . . . , n — 1} if Gr'' Ak ^ 0. Since 

(use [9], Proposition 3.2), it follows that the jumps are completely determined by 
the representation of /x„ on 714/^ o- In particular, it follows that there are at most 
dim(A) jumps, since dim^T^j^ q = dim(yl). 

2.6. Filtration vifith rational indices. Let a G Z(p) n [0, 1]. If a = i/rt, then we 
define J-'^Ak = F^Ak, where F^^Ak denotes the i-th step in the filtration induced 
by the tame extension of degree n. This definition docs not depend on the choice 
of representatives i and n for a = i/n (\W\. Lemma 2.3). The following proposition 
is immediate: 

Proposition 2.1. The construction above gives a descending filtration 

Ak = T°Ak 2 ■■■2 T'^Ak 3 ... 3 T^Ak - 
of Ak by closed subgroup schemes, where a G n [0, 1]. 
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Let X e [0,1] be a real number, and let {x^)j (resp. be a sequence of 

numbers in Z^p) n [0, 1] converging to x from above (resp. from below). We will say 

that {J-°'Ak} jumps at x if J-^'^Ak 2 -^^^-^fc for all j and k. It is natural to ask 
how many jumps there are, and where they occur. It is easily seen that since every 
discrete filtration {F^Ak] jumps at most g = dim(j4) times, the filtration {T'^Ak} 
can have at most g jumps. 

Consider a positive integer n that is not divisible by p, and let {F^Ak} be the 
filtration induced by the extension of degree n. Let us assume that this filtration 
has a jump at some i G {0, . . . , n — 1}. Then we can say that {J-''^Ak} has a jump 
in the interval [i/n, (i + l)/n\. By computing jumps in this way for increasing n, 
we get finer partitions of the interval [0, 1], and increasingly better approximations 
of the jumps in {J^'^Ak}- 

It follows that one can compute the jumps of {J-'^Ak} by computing the jumps 
for the filtrations {F^Ak} for "sufficiently" many n that are not divisible by p. This 
would for instance be the case for a multiplicatively closed subset U CN such that 
Z[U-^] n [0, 1] is dense in Z(p) n [0, 1]. 

2.7. In the case where A/K obtains semi-abelian reduction over a tamely ramified 
extension K' of K, the jumps of {J-'^Ak} have an interesting interpretation, which 
we will now explain. Let K be the minimal extension over which A aquires semi- 
abelian reduction (cf. [7j, Theoreme 5.15), and let n = deg{K/K). Then we shall 
see below that the jumps occur at rational numbers of the form k/n, where k £ 
{0, . . . , ri — 1}. This is essentially due to the following observation: 

Lemma 2.2. Let K/K he the minimal extension over which A/K obtains semi- 
abelian reduction, and let n — deg{K/K). Consider a tame extension K'/K of 
degree n, factoring via K, and let m = n/h. Let A! / S' he the Neron model of Ak' ■ 
Then we have that the jumps in the filtration {F^^^Ak} induced by S' / S occur at 
indices i = kn/h, where < /c < ?i — 1. 

Proof: Let A/S be the Neron model of A^. By assumption, both A' and A are 
semi-abelian. Since „45' is smooth, and A' has the Neronian property, we get a 
canonical morphism As' — > A', extending the identity map on the generic fibers. 
Since As' is semi-abelian, it follows from Proposition 7.4/3 in [3] that this morphism 
induces an isomorphism (Ak)'^ ^ (^J,)". In particular, we get that Tj^ ^ — 7L4j,.o- 

Consider now the filtration {F^^Ak} of Ak induced by the extension S'/S. Since 
A is semi-abelian, we have that F^Ak ~ for all i > 0. Therefore, we get that 

Ak = F^Ak^GrlAk^{Air-. 

But now 

and so it follows that acts trivially on T_^i^ q. 

Let us now consider the filtration {F^Ak} induced by the extension S'/S. The 
jumps in this filtration are determined by the /i„-action on T^i^ q. Assume that 
I'^^.oW 7^ 0, for some i G {0, . . . , ?i — 1}. On this subspace, every £^ & fi^^ acts by 
multiplication by 5*. We can identify /x^^ with the n-th powers in and since 
we established above that /x„ acts trivially, it follows that = 1. So therefore 
fii — kn for some k € {0, . . . , n — 1}, and we get that i = kn/h. □ 

Using this lemma, one gets the following result: 

Proposition 2.3. If A/K obtains semi-abelian reduction over a tamely ramified 
extension of K, then the jumps in the filtration {J^°-Ak} occur at indices k/h, where 
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k G {0, . . . ,n — 1}, and where n is the degree of the minimal extension K/K that 
realizes semi-abelian reduction for A. 

Proof: Let us consider the sequence of integers {nm)m, where m runs over the 
positive integers that are not divisibe by p. For the extension of degree n = nm, 
Lemma 12.21 gives that the jumps of {F^Ak} occur at indices i = kn/h, where 
0<fc<r;, — 1. It foUows that the jumps of {T'^Ak} wih be among the hmits of the 
expressions i/n ~ k/h, as m goes to infinity, and the result foUows. □ 

The next proposition shows that the jumps come in "simultaneously reduced" 
form. 

Proposition 2.4. Let us assume that A/K obtains semi-abelian reduction over 
a tamely ramified minimal extension K/K, and that n — [K : K] > 1. Let 
ii/n, . . . , ig/h be the jumps in the filtration {!F'^Ak}- 

Assume that m is a positive integer such that m divides ii for all I, and that m 
divides h. Then it follows that to = 1. 

Proof: Let us assume to the contrary that m > 1. Then it follows that the subgroup 
H C consisting of fi/m-th powers acts trivially on T^^ q. We now claim that H 

acts trivially also on A^. To see this, we first observe that 

Furthermore, since p does not divide the order of H , we have that A^ is smooth, 
and that the canonical inclusions A^ C Ak and {A^J^ C A^ are closed immersions. 
Hence, dixa{{A^f) = dim((A/), and so it follows that {A^f ^ {Al)" ^ Al- 
Therefore, H acts trivially on A^. But, by Lemma 5.16 in [J, this contradicts the 
minimality of -ftT/ A". □ 

2.8. The case of Jacobians. Let X/K be a smooth, projective and geometrically 
connected curve of genus g > 0. Let J' = Jk> denote the Jacobian of Xk', and let 
J'/S' be the Ncron model of J' over S". 

We can let G act on Xk' via the action on the second factor. Let y/S' be a 
regular model of Xk' such that the G-action on Xk' extends to y. According to 
[3], Theorem 9.5/4, there is, under certain hypotheses, a canonical isomorphism 

flCy/g, - J , 

where J^'^ is the identity component of J'', and where Picy^g, is the identity com- 
ponent of the relative Picard functor Picy/s'- Hence, on the special fibers, we get 
an isomorphism 

By [3], Theorem 8.4/1, it follows that we can canonically identify 

(2.3) H\yk,OyJ^Tj,,o- 

We are interested in computing the irreducible characters for the representation 
of /.t„ on Tji_ Q. With the identification in l2.3l above. we see that this can be done by 
computing the irreducible characters for the representation of /x„ on H^{yk, Oy,,). 

By combining the discussion in this section with properties of the representation 
of on H^{yk, Oy^^), we obtain in Corollarv l8.4l a quite precise description of the 
jumps of the filtration {J-°'Jk}- 
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3. Tame extensions and Galois actions 

3.1. Throughout the rest of this paper, R wih denote a complete discrete valuation 
ring, with fraction field K, and with algebraically closed residue field k. 

X/K will be a smooth, projective, geometrically connected curve over K, of 
genus g{X) > 0. 

Definition 3.1. A scheme X is called a model of X over S = Spec(i?) if X is 
integral and normal, projective and flat over S, and with generic fibre Xk = X . 

It is well known that we can always find a regular model for X/K (see for 
instance [TS]). By blowing up points in the special fiber, we can even ensure that the 
irreducible components of the special fiber are smooth, and intersect transversally. 
Such a model will be called a strict normal crossings model for X/K, or for short, 
an SNC-model. 

3.2. Let X/S be an SNC-model for X/K. Let K C K' he a finite, separable field 
extension, and let R' be the integral closure of R in K' . Since R is complete, we 
have that R' is a complete discrete valuation ring (|T9], Proposition II. 3). Making 
the finite base extension S' = Spec(i?') — > S* = Spcc(i?). we obtain a commutative 
diagram 

p / 

y —-^ X' — ^ X 



where X' is the normalization of the puUback Xs' ~ X y.s S' {Xs' is integral by 
Lemma 13.21 below) , and p : y X' is the minimal dcsingularization. The map 
f : X' X IS the composition of the projection Xs' — > X with the normalization 
X' ^Xs'. 

Lemma 3.2. With the hypotheses above, the following statements hold: 

(i) The pullback Xs' is an integral scheme. 

(ii) f : X' ^ X is a finite morphism. 

Proof: (i) Let us first note that the generic fiber of Xs' is the pullback Xk ®k K' , 
where Xk is the generic fiber of X. By assumption Xk is smooth and geometrically 
connected over K, so in particular the generic fiber of Xs' is integral. Now, since 
Xs' — + 5" is flat, it follows from [THj, Proposition 4.3.8, that Xs' is integral as well. 

(ii) Since R' is a complete discrete valuation ring it is excellent f[15j. Theorem 
8.2.39). As Xs' is of finite type over S' , it follows that Xs' is an excellent scheme, 
and hence the normalization morphism X' Xs' is finite ([IS], Theorem 8.2.39). 
The projection Xs' X is finite, since it is the pullback of the finite morphism 
S' S. So the composition / of these two morphisms is indeed finite. □ 

3.3. Let us now assume that the field extension K C K' is Galois with group G. 
Every a G G induces an automorphism of R' that fixes R, and we have furthermore 
that R"^ = R. So there is an injectivc group homomorphism G Aut(S"), and we 
may view 5" — > 5* as the quotient map. 

We can lift the G-action to Xs', via the action on the second factor. So there 
is a group homomorphism G Aut{Xs'). For any element cr S G, we shall still 
denote the image in Aut{Xs') by a. Proposition 13.31 below states that this action 
lifts uniquely both to the normalization X' and to the minimal dcsingularization y 
of X'. 

Proposition 3.3. With the hypotheses above, the following statements hold: 
(i) The G-action on Xs> lifts uniquely to the normalization X' . 
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(ii) The G-action on X' lifts uniquely to the minimal desingularization y . 

(iii) For any a G G, let a denote the induced automorphism of X' , and let r 
be the unique lift of a to Aut(3^). Then we have that r(p~^ (Sing(<Y'))) = 
p~^{Siiig{X')). That is, the exceptional locus is mapped into itself under 
the G-action on y. 

Proof: This is straightforward from the universal properties of the normahzation 
and of the minimal desingularization. For a detailed proof, we refer to |10| . □ 

3.4. We shall throughout the rest of the paper make the assumption that n = [K' : 
K] is not divisible by the residue characteristic p. Since k is algebraically closed 
it has a full set /x„ of n-th roots of unity, and as R is complete, we may lift all 
n-th roots of unity to R. We can choose a uniformizing parameter tt G i? such that 
K' = i^[7r']/(7r'" - tt). The extension K C K' is Galois, with group G = Also, 
R' :~ R[tt']/{tt'" — tt) is the integral closure of R in K' , and tt' is a uniformizing 
parameter for R' . 

3.5. Assumptions on X. Throughout the rest of this paper, we shall make two 
assumptions in the situation considered in Section [3.21 

Assumption 3.4. Let x ^ X he a closed point in the special fiber such that two 
irreducible components Ci and C'2 of X^ meet at x, and let to^ = mult(Ci). We will 
always assume that at least one of the is not divisible by p. 

With this assumption, we can find an isomorphism 

Ox,. = R[[ui,U2]]/iTT ^ UT'U^-) 

{ci. [5], proof of Lemma 2.3.2). 

Assumption 3.5. Let / denote the least common multiple of the multiplicities of 
the irreducible components of Xk- Then we assume that gcd(Z,n) = 1. 

When Assumptions 13.41 and 13.51 are valid, the following facts can be proved using 
the computations in |10j : 

• Let x € X he a. closed point in the special fiber. Because of Assumption 13.51 
there is a unique point x' e Xj^ that maps to x. The local analytic structure of X' 
at x' depends only on n = [K' : K] and on the local analytic structure of X at x. If 
X belongs to a unique component of Xk, then x' belongs to a unique component of 
Xj., and X' is regular at x' . If a; is an intersection point of two distinct components, 
then the same is true for x' , and X' will have a tame cyclic quotient singularity at 
x'. 

• The minimal desingularization y of X' is an SNC-model. Furthermore, the 
structure of y locally above a tame cyclic quotient singularity x' G X' is completely 
determined by the structure locally at a; = f{x') and the degree n of the extension. 
The inverse image of x' consists of a chain of smooth and rational curves whose 
multiplicities and self intersection numbers may be computed from the integers 
n, mi and TO2- 

• For every irreducible component C of Xk, there is precisely one component 
C" of XI, that dominates C. The component C" is isomorphic to C, and we have 
that mult;f^(C") = ijm\tx^.{C). It follows that the combinatorial structure of yk 
is completely determined by the combinatorial structure of Xk and the degree of 
S'/S. 

3.6. We will now begin to describe the G-action on X' and y in more detail. 
Assumptions 13.41 and 13.51 will impose some restrictions on this action. 

Proposition 3.6. Let p : y ^ X' be the minimal desingularization. Then the 
following properties hold: 
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(i) Let D be an irreducible component of y^. that dominates a component of 
Xk- Then D is stable under the G-action, and G acts trivially on D. 

(ii) Let x' G X' be a singular point, and let Ei, . . . , Ei be the exceptional compo- 
nents mapping to x' under p. Then every Ei is stable under the G-action, 
and every node in the chain p~^{x') is fixed under the G-action. 

Proof: Let us first note that the map Xs' ^ A:" is an isomorphism on the special 
fibers. Moreover, the action on the special fiber of Xs' is easily seen to be trivial, 
so every closed point in the special fiber is fixed. Since the action on X' commutes 
with the action on Xs', it follows that every point in the special fiber of X' is fixed. 
In particular, every irreducible component C" of A"^. is stable under the (j-action, 
and the restriction of this action to C" is trivial. Since the action on y commutes 
with the action on X' , it follows that the same is true for the strict transform D of 
C" in y. This proves (i). 

For (ii), we observe that since x' is fixed, we have that p~^{x') is stable under 
the G-action. But also the two branches meeting at x' are fixed. Let D be the 
strict transform of any of these two branches. From part (i), it follows that the 
point where it meets the exceptional chain p~^(x') must be fixed. So if Ei is the 
component in the chain meeting D, then Ei must be mapped into itself. Let E2 be 
the next component in the chain. Then the point where Ei and E2 meet must also 
be fixed, so E2 must also be mapped to itself. Continuing in this way, it is easy to 
see that all of the exceptional components are stable under the G-action, and that 
all nodes in p~^{x') are fixed points. □ 

Corollary 3.7. Let < Z < y^ be an effective divisor. Then the G-action restricts 
to Z. 

Proof: Since Z is an effective Weil divisor, we can write Z — J^c ''^C'G, where G 
runs over the irreducible components of J^fc , and rc is a non-negative integer for all 
G. But Proposition 13.61 states that all irreducible components G of yk are stable 
under the G-action, and hence we get that the same holds for Z. In other words, 
the action restricts to Z. □ 

From Proposition l3. 61 above, it follows that every node y in yk is a fixed point for 
the G-action on 3^. Hence there is an induced action on Oy^y and on the cotangent 
space my/rriy, where rrij, C Oy^y is the maximal ideal. In order to get a precise 
description of the action on the cotangent space, wc will first describe the action on 
the completion Oy^y. 

Since, by Proposition 13. 6[ every irreducible component D of yk is mapped to 
itself under the G-action, it follows that the G-action restricts to D and that the 
points where D meets the rest of the special fiber are fixed. In the case where G 
acts non-trivially on D, wc will sec in Proposition 14. II that the fixed points for the 
G-action on D are precisely the points where D meets the rest of the special fiber. 
In particular, we wish to describe the action on D locally at the fixed points. 

4. Desingularizations and actions 

In this section, we study how one can explicitly describe the action on the minimal 
desingularization p : y ^ X' . Since we are only interested in this action locally at 
fixed points or stable components in the exceptional locus of p, we will begin with 
showing that we can reduce to studying the minimal desingularization locally at a 
singular point x' G X' . This is an important step, since wc have a good description 
of the complete local ring Ox',x'- In particular, we can find a nice algebraization of 
this ring, with a compatible G-action. It turns out that it suffices for our purposes 
to study the minimal desingularization of this ring, and the lifted G-action. 
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In the second part of this section, we study the desingularization of an algebraiza- 
tion of Ox',x'- We use the explicit blow up procedure in [5] in order to describe how 
the G-action lifts. In particular, we describe the action on the completion of the 
local rings at the nodes in the exceptional locus, and the action on the exceptional 
components. These results are collected in Proposition 14. II 

4.1. If x' E X' is a. singular point, we need to understand how G acts on Ox',x'- 
In order to do this, we consider the image f{x') = x oi x' under the morphism 
f : X' ^ X. Then x is a closed point in the special fiber, and we have that 

dx^x^R[[vi,V2]]/{TT~VrV^^-), 

where nii and m2 are positive integers. Let n be the degree of R' / R, which by 
assumption is relatively prime to nii and m2. In the discussion that follows we will 
use some properties that were proved in |10j . 

We let G = /!„ act on Xs' via its action on the second factor. We point out 
that we here choose the action on R' given by ['^](7r') = ^tt' for any <^ g /x„. 
Choosing this action is notationally convenient when we work with rings. However, 
the natural right action on Xs' is the inverse to the one we use here. In particular, 
the irreducible characters for the representation of /i„ on H^{yk, Oy^) induced by 
the action chosen here on Xs' will be the inverse characters to those induced by the 
right action. 

Let also x denote the unique point of G Xs' mapping to a; G X. The map 
Ox,x — * Oxc;,.x associated to the projection Xs' X can be described by the 
tensorization 

Ox,x ^ Ox,x <E>R R', 
and the G-action on Ox^,.x = Ox,x ®r R' is induced from the action on R' . 

Since Ox,x — > Ox,x ®r, R' is finite, completion commutes with tensoring with 
R' , so we get that 

dxs,.x^dx,x ®R R\ 

and hence the G-action on Oxg,,x is induced from the action on R' in the second 
factor. It follows that 

dxs,.x = R'[[vi,V2]]/{7r"^ ~vrv2-), 
and that the G-action can be described by [C](7r') ~ ^tt' and = Vi, for any 

Let X' — > Xs' be the normalization. There is a unique point x' mapping to x, and 
the induced map Oxs,,x Ox',x' is the normalization of Ox^,,x- Furthermore, the 
G-action on Ox'.x' induced by the action on X' is the unique lifting of the G-action 
on Ox^,,x to the normalization Ox'.x'- 

Let p : y X' he the minimal desingularization, and consider the fiber diagram 



p P 

Spec{dx',x') -A". 

Then p is the minimal desingularization of Spec{Ox' .x') (cf. [14], Lemma 16.1, 
and use the fact that y is minimal), and hence the G-action on Spec{Ox' ,x') fifts 
uniquely to y. 

The projection induces an isomorphism of the exceptional loci p^^{x') and 
p~^{x'). Let E be an exceptional component. Then the G-action restricts to E, 
and it is easily seen that (j), when restricted to E, is equivariant. 
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Furthermore, for any closed point y G p^^{x'), we have that 4> induces an iso- 
morphism Oy^y = (one can argue in a similar way as in the proof of [15j . 
Lemma 8.3.49). If y is a fixed point, it is easily seen that this isomorphism is equi- 
variant. We therefore conclude that in order to describe the action on y locally at 
the exceptional locus over x', it suffices to consider the minimal desingularization 
of Spec(0A'',x')- 

4.2. In order to find an algebraization of Ox',x', we consider first the polynomial 
ring V = R'[vi,V2]/W - We let'c act on V by [£]{tt') = ^tt' and 
[CK'^^j) = for * = 1, 2, for any ^ £ G. Note that the maximal ideal p = (tt', wi, W2) is 
fixed, and hence there is an induced action on the completion Vp = R'[[vi, V2\\/ (tt'" — 

given as above. This gives a G-equivariant algebraization of Oxg,,x- 
Consider the i?'- algebra homomorphism 

given by Vi 1— > t". We let /.t„ act on T, relatively to i?', by [?y](ti) — r]ti, [r]]{t2) = 
rft2, where r is the unique integer < r < n such that mi + rm2 =„ 0. (Note that 
this is an ad hoc action introduced to compute the normalization, which must not 
be confused with the natural G- action). Arguing as in [TU], one can show that the 
induced map V ^ U := T'^" is the normalization of V. Furthermore, it is easily 
seen that there is a unique maximal ideal q a U mapping to p, corresponding to 
the "origin" (7r',ti,t2) in T. 

It is shown in [lOj Lemma 4.1 that U is an equivariant algebraization of Ox',x'- 
Let Pu Z Spec(t/) be the minimal desingularization. Then we have a fiber 
diagram 

y 

P Pu 

S]ycc{dx',x') ^Spec([/), 

where all maps commute with the various G-actions. We conclude, by similar 
argumentation as in Section [4711 that in order to describe the G- action on y locally 
at fixed points or components in the exceptional locus, it suffices to compute the 
corresponding data for Z. 

4.3. Proposition 14.11 below gives a description of the G-action on Z. Having this 
description will be important in later sections, when we consider the G-action on 
the coliomology groups W [yk , Oy^ ) . For a proof, we refer to [1^ , Proposition 
4.3. In order to state this result, and for future reference, we list some properties 
associated to the resolution of the singularity Z = Spec(?7) (see [5] for proofs). 

We call the integers mi, m2 and n the parameters of the singularity. Let r be 
the unique integer with Q < r < n such that mi + rm2 = modulo n. Write 
^ = [61, . . . , 6;, . . . , bL]jH for the Jung-Hirzebruch expansion. The exceptional lo- 
cus of Pu consists of a string of smooth and rational curves Gi , . . . , C'l , with self 
intersection numbers Cf = ~bi and multiplicities /ij, for all I G {1, . . . , L}. 

There are two series of numerical equations associated to the singularity. We 
have 

(4.1) n_i = 6;+in - n+i, 

for < Z < L — 1, where we put r_i = n and = r. Furthermore, we have 

(4.2) pi+i = hipi - pi^i, 

which is valid for 1 < I < L. Here we define po — m2 and pl+i = mi. 
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We also have the equation mi + rm2 = n^i (see [5], Corohary 2.4.3). Together 
with Equations (|4.ip and (|4.2[) . this equation enables you to compute the branch 
multiplicities. 

Proposition 4.1. The minimal desingularization Z of Z ^ Spec(?7) can he covered 
by the affine charts Spec([//), where 

forle{l,...,L + l}. 

These charts are G-stable, and the G-action is given by [^](7r') = ^tt', = 
^"i'''-2z/_i and [^](wi-i) = £,~°''^^''-'^wi^i, where ai denotes an inverse to mi mod- 
ulo n, for all I £ {1, . . . , L + 1}, and for any ^ £ G. 

Let Ci be the l-th exceptional component. On the chart Spec(t/;), we have that 
the affine ring for Ci is k[wi-i], and G acts by [£]{wi-i) = £,~"'^^'-'^wi^i, for any 
^ S G. On the chart Spec(L/;+i), the affine ring for Gi is k[zi], and G acts by 

The following corollary is immediate from Proposition [43] 

Corollary 4.2. The irreducible components Gi of the exceptional locus are stable 
under the G-action. Furthermore, if ^ € /x„ is a primitive root, then the auto- 
morphism of Gi induced by ^ is non-trivial, for all I £ {1, . . . , L}, with fixed points 
precisely at the two points where Gi meets the rest of the special fiber. 

Let us finally remark that the cotangent space to Z at the fixed point that is the 
intersection point of Gi and Cj+i is generated by (the classes) of the local equations 
zi and wi for the curves. Therefore, Proposition 14. II gives a complete description of 
the action on the cotangent space. Furthermore, we can also read off the eigenvalues 
for the elements of this basis. Hence we immediately get an explicit description of 
the action on the cotangent space to the minimal desingularization of X' at the 
corresponding fixed point. 

Example 4.3. Consider the singularity with parameters {mi,m2,n) = (1,3,7). 
From the equation mi + rom2 = n/ii we easily compute that ro = 2 and fii ~ 1. 
From the equation n = r_i ~ bir^ — ri we find that foi = 4 and that ri = 1. So we 
get that L = 2, and hence there are two exceptional curves Ci and C2. In order to 
compute /i2, we use the equation /^o + ^2 = bifii, and find that fi2 — 1- 

We conclude this example with writing out the G-action on Gi, and the G- 
action on the cotangent space to Z at the point yi = Gi n G2 . In the notation of 
Proposition 14.11 Gi and G2 are generically contained in the G-stable open afSne 
Spec(J72)- We can immediately read off that the cotangent space is generated by 
(the classes of) zi and wi. Furthermore, we have that the G-action is given by 
[^](zi) = = ^^zi and [(]{wi) = C""^'''wi = C^wi, for any ^ e M7. The afhne 

ring for Gi on this chart is k[zi\, and the action is given by [^](-2i) = C^^i- 

5. Computing traces 

We will now study of the G-action on the cohomology groups H^{yk, Oy^). Since 
the residue characteristic is (possibly) positive, we have to introduce the concept of 
Brauer characters. This roughly amounts to lifting all eigenvalues to characteristic 
zero. 

A second problem is the fact that 3^^ in general is singular. Therefore, we shall 
first consider the case of a group acting on the cohomology groups of an invertible 
sheaf on a smooth projective curve. For such situations, one can write down trace 
formulas in terms of local data at the fixed points. Later, in Section |6l we shall 
use such computations in order to compute the characters for the action by G on 
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5.1. We begin this section with recaUing some generaUties about coherent sheaf 
cohomology, and estabhsh notation and terminology that will be used throughout 
the rest of the paper. 

Let g : X ^ Y he a morphism of schemes, and let T be an Oy-module. The 
morphism g induces a natural and canonical homomorphism 

HPig):HPiY,T)^HP{X,g*T), 

for all p > 0. 

Consider now the case where Y = X, so that g : X ^ X is an endomorphism, 
and where T is a sheaf of Ojf -modules. Assume in addition that we are given 
a homomorphism u : g*J- J- of Ojsf-modules. By functoriality, u induces a 
homomorphism 

HP{u):HP{X,g*J^)^HP{X,T), 

for all p > 0. 

Definition 5.1. Let g : X ^ X he morphism, let T he a sheaf of Ox-modules, 
and let u : g* J- J- he a homomorphism of Ox-niodules. The endomorphism 

H^{g,u):HP{X,T)^HP{X,T) 

induced by the couple (<?,«) is defined as the composition of the maps HP{g) and 
HP{u). 

Remark 5.2. In case = Ox, there is a canonical isomorphism g*Ox ~ Ox, asso- 
ciated to the morphism g. So we get naturally an endomorphism of the cohomology 
groups 

HP{g) : HP{X,Ox) ^ HP{X,Ox), 

for aU p > 0. 

5.2. Let G be a finite group acting on X, and let T he a coherent Ox-niodule. 
An isomorphism u : g*J- J- is called a covering homomorphism. We say that J- 
is a G -sheaf if there exist, for every g G G, covering homomorphisms Ug such that 
Uh o h*Ug = Ugh, where g,h € G. 

Remark 5.3. Let G be a finite group acting on a projective scheme A'/Spec(fc), 
and let .7-" be a G-sheaf on X. The compatibility conditions ensure that HP{X,!F) 
is a fc[G]-module for all p > 0. 

Let u' : g*J-' — > .F' be a second covering homomorphism. A map of covering 
homomorphisms is a map (j) : T ^ T' oi Ox-modules such that (j) o u = u' o g*(f>. 
A map of G-sheaves !F and T' is a map of Ox-modules respecting the respective 
G-sheaf structures. The category of G-sheaves on X is in fact an abelian category. 
For this, and further properties of G-sheaves, we refer to [12], Chapter 1. 

Consider a short exact sequence 

{Ti,Ui) {T2,U2) iJ^3,U3) 

of coverings. It is straight forward to check that this gives a commutative diagram 
(5.1) ^ HP{X, T2) ^ HP{X, ^3) ^1) ^ ■ ■ ■ 



■HP{X,T2) ^HP{X,T3) — ^-^ HP+\X,Ti) 



Similarly, if G acts on the projective scheme X/k, one checks that a short exact 
sequence of G-sheaves gives a long exact sequence of A;[G]-modules in cohomology. 
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5.3. If X is projective over a field k, and T is a coherent Ox-module, the co- 
homology groups HP{X,J-) are finite dimensional fc-vector spaces, and the trace 
Ti{HP{g,u)) of the endomorphism HP{g,u) is defined. If .7^ is a G-sheaf, we let 
\HP{X,J^)] denote the element associated to Hp{X,T) in the representation ring 
Rcik). 

5.4. In the case where p = char(fc) > 0, we let W{k) denote the ring of Witt vectors 
for k ([13, Chap. II, par. 5). Recall that W{k) is a complete discrete valuation ring, 
p is a uniformizing parameter in W{k) and the residue field is k. The fraction field 
FW{k) of W{k), however, has characteristic 0. 

There exists a unique multiplicative map w : k W{k) that sections the reduc- 
tion map W{k) k. The map w is often referred to as the Teichmuller lifting from 
k to W{k). 

Since we assume fc = fc, it follows that k has a full set of 7i-th roots of unity, for 
any n not divisible by p. As W{k) is complete, these lift uniquely to VF(fc), and 
reduction modulo p induces an isomorphism of /x„(W^(fc)) onto fj,n{k). 

5.5. A few facts regarding Brauer characters are needed, and are stated here in 
the case where G = We refer to [18], Chap. 18 for details. 

If £^ is a fc[G']-module, we let gE denote the endomorphism of E induced by 
g ^ G. Since the order of g divides n, and n is relatively prime to p, it follows that 
gE is diagonalizable, and that all the eigenvalues Ai, . . . , Ae=dim£; are n-th roots of 
unity. The Brauer character is then defined by assigning 

e 

<I^Eig) = ^w(A,;). 

1=1 

It can be seen that the function 4>e '■ G ^ W{k) thus obtained is a class function on 
G. We shall call the element (psig) G W{k) the Brauer trace of gE- The ordinary 
trace is obtained from the Brauer trace by reduction modulo p. 

An important property of the Brauer character is that it is additive on short exact 
sequences. That is, ii E' ^ E ^ E" is a short exact sequence of /s[G]-modules, 
then (f)E = (t>E' + (f'E" ■ A useful consequence is that if 

0^ Eo^ ...^ E,^ ...^ Ei^Q 

is an exact sequence of fc[G]-modules, we get that J2\^Qi—^Y4'Ei{g) = 0. 

Notation 5.4. If 1/ is a finite dimensional vector space over k, and ip : V ^ V is 
an automorphism, we will use the notation Tr^ (■(/') for the Brauer trace of ip. 

5.6. We now consider a smooth, connected and projective curve G over fc, with an 
invertible sheaf C on G. 

Let (7 : G — > G be an automorphism, and let u : g* C ^ C he a covering map. We 
would like to compute the alternating sum 

Ep=o(-l)'' Tr^j(i?P(g,u)) of the Brauer 

traces. 

5.7. Let us first consider the case when the automorphism g : C ^ G is trivial, i.e., 
g = idc- Then HP{g) is the identity, so we need only consider u : C ~ g* C C. 
Hence HP{g,u) = HP{u) : HP[C,C) HP{GX), where u G AutodC). Since 
Autoci^) = , we have that u is multiplication with some element A„ £ fc*. 

Proposition 5.5. Let us keep the hypotheses above. Then the following equality 
holds in W{k): 

1 

Y^i-ir TTp{HP{u)) = w{Xu) ■ {dcgciC) + l-Pa{G)). 

p=0 
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Proof: Using Cech cohomology, it is straightforward to sec that HP{u) is mul- 
tiphcation by Au, for all p. Applying the Riemann-Roch formula then gives the 
result. □ 

5.8. Computing the trace when g is non-trivial. Let now g g Autfc(C) be a 
non-trivial automorphism of finite period n (i.e. = idc), where n is not divisible 
by the characteristic of k. 

In this situation, the so called Lefschetz- Riemann-Roch formula ([5], Theorem 
5.4, Corollary 5.5) gives a formula for the Brauer trace of HP{g, u) in terms of local 
data at the fixed points of g. 

Let z G C be a fixed point, and let iz : {z} ^ C be the inclusion. Pulling back 
u via iz gives 

u{z) = ilu : ilg*C = i^C i^C, 

a A:-linear endomorphism of C{z). We let \u{z) denote the (unique) eigenvalue of 
u{z) 

Since z G C is a fixed point, there is an induced automorphism 

dg{z) : m^/m^ rrir/m^ 

of the cotangent space of C at z. We let \dg{z) denote the (unique) eigenvalue of 
dg{z). 

The Lefschetz-Riemann-Roch then comes out as follows: 

Proposition 5.6. Let C , C, g and u he as above, and denote by the (finite) set 
of fixed points of g. Then the following equality holds in W{k): 
1 

Y^{-lYT:Tp{HP{g,u))= ^A„(z))/(l-^(A,,(z))). 

Proof: See Prop. 5.8 in [TD]. □ 

Remark 5.7. The reader might want to compare Proposition 15 .61 with the Woods- 
Hole-iovmvla ([Tj, Exp. III. Cor. 6.12), that gives a formula for the ordinary trace, 
instead of the Brauer trace, but with weaker assumptions on the automorphism g. 

Remark 5.8. Throughout the rest of the text we will, when no confusion can arise, 
continue to write A instead of w(A) for the Teichmiillcr lift of a root of unity A. 

6. Action on the minimal desingularization 

Recall the set-up in Section [31 We considered an SNC-model X / S, and a tamely 
ramified extension S' / S of degree n that is prime to the least common multiple of the 
multiplicities of the irreducible components of X^. The minimal desingularization 
of the puUback Xs' / S' is an SNC-model y/S', and the Galois group G = fin of the 
extension S' /S acts on 3^. 

Our goal is to compute the irreducible characters for this representation on 
H^{yk,Oy^). To do this, we would ideally compute the Brauer trace of the au- 
tomorphism of H^{yk,Oy^) induced by g, for every group element g € G. This 
information would then be used to compute the Brauer character. However, we can 
not do this directly. Instead we will compute the Brauer trace of the automorphism 
induced by g on the formal difference H^{yk, Oy^) — H^{yk, Oy^), for any g G G. 
In our applications, we know the character for H'^{yk,Oy^), so this would suffice 
in order to determine the character for H^{yk, Oy^). 

The fact that y^ is not in general smooth, prevents us from using Propositions l5.5l 
and 15.61 directlv. On the other hand, the irreducible components of yk are smooth 
and proper curves. So we shall in fact show that it is possible to reduce to computing 
Brauer traces on each individual component of yk , where Propositions 15.51 and 15.61 
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do apply. The key step in obtaining this is to introduce a certain fihration of the 
special fiber J^fc. 

6.1. Let {Ca}aeA denote the set of irreducible components of 3^^., and let rria 
denote the multiplicity of Ca in yk- Then yk can be written in Weil divisor form 
as 



Definition 6.1. A complete filtration of y^ is a sequence 

< < . . . < < . . . < Zi = ^fe 

of effective divisors Zj supported on y^., such that for each I < j < m — 1 there 
exists an aj G A with Zj — Zj^i ~ Ca-. So m — 

Loosely speaking, such a filtration of yk is obtained by removing the irreducible 
components of the special fiber one at the time (counted with multiplicity). 

6.2. At each step Z' < Z of a complete filtration, we can construct an exact 
sequence of sheaves. 

Lemma 6.2. Let < Z' < Z < yk be divisors such that Z — Z' = C, for some 
irreducible component C of yk- Denote by Iz and Xz' the corresponding ideal 
sheaves in Oy . Let iz, iz' o,nd ic be the canonical inclusions of Z , Z' and C in y. 
Furthermore, let C ~ i'^{Xz>). We then have an exact sequence 



where JC = Iz' /^z denotes the kernel. We need to determine JC. 

Consider the surjection Iz' Xz> /Xz- Pulling back with i^, we get a surjection 
i^iXz') — > i*Q(Xz' /Xz)j and we claim that this map is an isomorphism. Indeed, let 
U ~ Spec(j4) C 3^ be an open affine set. Then A is a regular domain, and the ideal 
sheaves Xc, Xz and Xz' restricted to U correspond to invertible modules Ic, Iz and 
Iz' in A. Since Z = Z' + C, we have that Iz = Iclz'- So Iz' /Iz = Iz' /Ic'Iz' = 
Iz' ®A A/Ic- From this observation, it follows easily that the map above is an 
isomorphism on all stalks, and therefore an isomorphism. □ 

6.3. The filtrations we have introduced are G-equvariant. 

Lemma 6.3. Let < Z < be an effective divisor, with ideal sheaf Xz- Then we 
have that Xz is a G-subsheaf of Oy. 

Proof: Let g G G he any group element. Applying the exact functor g~^ to the 
inclusion Xz C Oy gives an inclusion g~^Xz C g^^Oy. Composing this inclusion 
with the canonical map g'^ : g~^Oy Oy, wc obtain a map g^^Xz Oy. Now, 
let J be the sheaf of ideals generated by the image of g^^Xz in Oy. Wc have that 
J' is the ideal sheaf of g~^{Z). But in our case g~^{Z) = Z, and therefore J = Xz- 

The inclusion above induces an injective map g*Xz ^ g*Oy ^ Oy of Oy- 
modules, whose image is Xz = g^^Xz ■ Oy ([U, II. 7. 12.2). Hence we obtain an 
isomorphism uz ■ g*Xz ^ Xz- 

It is easy to check that the isomorphisms g*Xz Xz for various elements g & G 
satisfy the compatibility conditions, and commute with the G-sheaf structure on 




^ {ic)*C ^ {iz)*Oz ^ {iz')*Oz' ^ 



of Oy -modules. 



Proof: The inclusions Xz C Xz' C Oy give rise to an exact sequence 

^ /C ^ Oy/Xz ^ Oy/Xz' ^ 0, 



Oy. 



□ 
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6.4. 

Proposition 6.4. Let us keep the hypotheses and notation from Lemma \6.2l The 

sequence 

^ {ic)*C -> iiz)*Oz {iz')*Oz' ^ 
is an exaet sequence of G-sheaves. 

Proof: Let 2z C Tz' C Oy be the inclusions of the ideal sheaves. From Lemma 
16.31 it follows that these maps are maps of G-sheaves. The result now follows from 
the fact that the category of G- modules on y is an abelian category ([H], Lemma 
1.3). □ 



In particular, Proposition l6. 41 implies that for any g G G, there are covering maps 
u (resp. V, v') of {ic)*C (rcsp. {iz)*Oz, {iz')*Oz') giving an exact sequence 

(6.1) Q^{{ic)*C,u) ^ {{iz)*Oz,v) {{iz')*Oz',v')-^Q 

of covering maps. 

The maps u, v and v' induce, for every p > 0, automorphisms HP{g, u), H^ig, v) 
and HP(g, v') that commute with the differentials in the long exact sequence in 
cohomology asociated to Sequence (|6.1|) . That is, we obtain, for every p £ G, an 
automorphism of this long exact sequence. 

Note that all the sheaves appearing in the exact sequence above are supported on 
the special fiber of y. We will now explain how we can "restrict" the endomorphisms 
HP{g,u), HP{g,v) and HP{g,v') to the support of the various sheaves. 

6.5. Let X and Y be schemes, and let i : X — > y be a closed immersion. Assume 
also that an automorphism g : Y —> Y is given, that restricts to an automorphism 
f = g\x:X~^X. 

Note that if is a quasi-coherent sheaf on X, then the push-forward i^J- is a 
quasi-coherent sheaf on Y, since i is a closed immersion. The following lemma is 
straightforward, yet tedious to prove, so we omit the proof. 

Lemma 6.5. Keep the hypotheses above. Let J- be a quasi- coherent sheaf on X , 
and let u : g*i^T i^T be a homomorphism of Oy -modules. Then there is induced, 
for every p > 0, a commutative diagram 

HP(Y, i,T) — ^ HP{Y, i^T) 



HP(f,i'u) 

HP{X, HP{X, iH^T), 

where the vertical arrows are isomorphisms. 

Proof: Sec Prop. 6.7 in [TU]. □ 
6.6. The closed immersions ic, iz and iz' induce isomorphisms 

HP{y,{tc)X)^HP{G,C), 
HP{y,{tz)*Oz)^HP{Z, Oz) 

and 

HP{y,{iz').Oz')^HP{Z',Oz'), 
for all p>i). Here we have identified C with {ic)*{ic)*i^ (and likewise for Oz and 
Oz')- 

Since G, Z and Z' are projective curves over fc, and since C, Oz and Oz' are co- 
herent sheaves, the cohomology groups above are finite dimensional fc- vector spaces. 
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and nonzero only for p = and p = I. So the long exact sequence in cohomology 
associated to Sequence (|6.ip is simply 

(6.2) ^ H%C, C) ^ i/"(Z, Oz)^...^ H\Z, Oz) ^ H^{Z' , Oz-) ^ 0. 

Proposition 6.6. Sequence h6.2\) is an exact sequence of k[G]-modules. Further- 
more, we get an equality 

1 1 1 

(6.3) 5](-l)''[i?^(Z, Oz)] - ^(-l)^[i/^(Z', Oz')] + J2{-mH'''{C, £)] 

p—O p— p=0 

of (virtual) k[G]-modules. 

Proof: Denote by gc the restriction of g to C. By Lemma 16. 5[ restriction to C 
gives a commutative diagram 

HP{y, {ic)X) = ^ HP{C, C) 



HPiy, {ic).C) = ^ HP{C, C). 

Also, we get similar diagrams for HP{gz,i*zv) and HP{gz' ,'i*z'v')- 

Having made these identifications, we see that the automorphisms HP(gc,icu), 
HP{gz,i*zv) and HP{gz',i*ziv'), for p = 0, 1, fit together to give an automorphism 
of Sequence 16.21 above. One checks that Sequence (|6.2p is an exact sequence of 
fc[G']- modules, and from this fact, the second statement immediately follows. □ 

6.7. Let us write yk = X^o^q^oj where a € A, and put m ~ Sq"^"- ^ 
complete filtration 

< Z,„ < . . . < < . . . < Z2 < Zi = 

where Zj — Zj^i = Cj for some Cj G {Ca}aeA, for each j G {1, . . . ,to — 1}. At 
each step of this filtration, Lemma [6.21 asserts that there is a short exact sequence 

{ic,)*Cj ^ {iz,).Oz, ^ (*z,+J*0z,+, ^ 0, 

where i^, : ★ ^ 3^ is the canonical inclusion. Note in particular that Zm = Cm, for 
some Cm G {Ca}ai£A, SO it makes sense to write Oz„ ~ Cm- 
Proposition 16. 61 has the following nice consequence: 



Proposition 6.7. We have an equality 

1 ml 

(6.4) ^(-l)^'[i/''(yfe,O^J] ..^^(-l)^'[i7''(Q,/:,)] 

p—0 j — 1 p—O 

of k[G] -modules. 

Proof: Follows easily by induction from Proposition l6.6l □ 

Let (resp. j) be the automorphism induced by the clement 5 e G on 
HP{yk,Oy^) (resp. HP{Cj, Cj)). The following corollary is immediate: 

Corollary 6.8. For any g G G, the follovuing equality holds in W{k): 

1 ml 
p—0 j — 1 p—0 
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6.8. The importance of Corollary 16.81 is that it reduees the problem of computing 
the alternating sum of the Brauer traces of the endomorphisms 

rg:HP{yk,Oy,)^HP{yk,OyJ 

to instead computing the same data for the endomorphisms 

cPl^:HPiC,,C,)^HP{C,,C,) 

for certain invertible sheaves Cj, supported on the smooth irreducible components 
Cj of yk- The main benefit is that for the latter computations, we can apply the 
Lefschetz-Riemann-Roch formulas in Proposition 15.51 and 15.61 In what follows, we 
will explain how this can be done. 

We keep the notation from Lemma [621 hence we have < Z' < Z < yk, where 
Z — Z' = C. We let g G G be an element corresponding to a primitive root of 
From Proposition 14. 11 we see that the fixed points of the automorphism g : C — > C 
are precisely the two points where C meets the other components of yk ■ Let y € C 
be one of the fixed points, and let dgy denote the cotangent map at y. The eigenvalue 
of dgy can easily be computed using Proposition 14. II 

We will also need to compute the eigenvalue of the induced automorphism Uy : 
C{y) — > C{y)- To do this, let C" be the other component of yk that passes through 
y. Then we can write Iz' where Xo is the ideal sheaf of an 

effective Cartier divisor not containing C or C". 

Since C and C intersect transversally at y, the fibers Iciv) ^^nd Ic'iy) generate 
the cotangent space to y at y. The eigenvalues A and A' of these generators can 
easily be computed using Proposition 14. li since they correspond to the two coordi- 
nates locally at y. The following lemma is an easy computation (c.f. [10], Section 
6.10): 

Lemma 6.9. Keep the notation from the discussion above. The unique eigenvalue 
of the automorphism Uy : C{y) ^(jj) is A^A'" . 

7. Special filtrations for trace computations 

Let X/S be an SNC-model, and let 5' ^ 5 be a tame extension of degree n, 
where n is prime to the least common multiple of the multiplicities of the irreducible 
components of Xk- Let X' be the normalization of Xs', and let 3^ be the minimal 
desingularization of X' . 

This section is devoted to computing, for any g £ G = the Brauer trace of the 
automorphism induced by g on the formal difference H'^{yk,Oy^) — H^{yk,Oy^). 
Hence a lot of our previous work will come together in this section. 

Our assumption on the degree of S' / S makes it possible to describe yk in terms 
of Xk- In particular, since every component of yk either is an exceptional curve, or 
dominates a component of Xk, it is natural to stratify the combinatorial structure 
of yk according to the combinatorial structure of Xk . 

This stratification proves to be very convenient for our trace computations. The 
section concludes with Theorem 1 7. Ill which gives a formula for the trace mentioned 
above as a sum of contributions associated in a natural way to the combinatorial 
structure of Xk- 

7.1. We will associate a graph T{Xk) to Xk in the following way: The set of vertices, 
V, consists of the irreducible components of Xk- The set of edges, £, consists of 
the intersection points of Xk, and two distinct vertices v and v' are connected by 
Card({_Di,n-Di,'}) edges, where D^j denotes the irreducible component corresponding 
to V. 

We define two natural functions on the set of vertices V. First, let the genus 

fl : V ^ No, 
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be defined by q(v) ^Pa{Dv)- We also let the multiplicity 

m : V N, 

be defined by m{v) ~ m\i\tx^{Du). 

The graph T{Xk), together with the functions g and tn, encode all the combina- 
torial and numerical properties of Xk- 

7.2. Let S denote the set of irreducible components of 3^;^. If C G 5, then we have 
either: 

(i) C dominates a component of Xk, or 

(ii) C is a component of the exceptional locus of the minimal desingularization 

p-.y^x'. 

In the first case, we have that Pa{C) = g(u), and multj;^(C) = m{v). Further- 
more, G acts trivially on C . Since C is the unique component of corresponding 
to w, we write C = Cv 

In the second case, we have that C is part of a chain of exceptional curves, 
corresponding uniquely to an edge e ^ £. Hence Pa{C) — 0. By choosing an 
ordering (or direction) of this chain, we can index the components in the chain by 

for 1 < Z < L{e), where L{£) is the length of the chain. So we can write C = C^./, 
for some Z S {1, . . . , ^(e)}. By Proposition 14. 11 G acts nontrivially on C, with fixed 
points exactly at the two points where G meets the rest of the special fiber. 

The special fiber y^ can now be written, as an effective divisor on 3^, in the form 

He) 

J^fc = X! X! ^^e,lGe,l + ^ m^Gv, 

ee£ 1 = 1 v£V 

where /i^./ denotes the multiplicity of the component G^^i, and is the multiplicity 
of a. 

7.3. We will now consider special filtrations of y^, inspired by the partition of the 
set of irreducible components of yk introduced above. 

Let us choose an ordering of the elements in V. We can then define the following 
sequence: 

< . . . < Z£ =: < ^^;|v| < ■ ■■ < Z^^ < .. . < Z^, =yk, 

where Zg := y^ — "^y^y m^jGy. The Z^. are defined inductively, for every i S 
{1, . . . , |V|}; by the refinements 

Zvi+i = Zu- ' < . . . < .Z^. < . . . < Zy, = Zy., 

where Zi~^^ = Z^. — jGv- for every j G {0, . . . , m^^}. 

Next, we choose an ordering of the elements in £. We can then define the 
following sequence: 

^£|£| + i < ^e|£| < • • • < ^e, < . . . < := Z£. 

The Zg. are defined inductively, for any i G {!,..., by the refinements 

Zsi+i < . . . < Z^.^i < . . . < Z^^,i := Zj., 

which in turn are defined inductively, for every I G {1, . . . , L(ei)}, by the further 
refinements 

Z,,j+, := Z^;+' <...< Z^^ <...< Zl^, := Z,.,;, 
where Zl^^ := Z^^^i - jGe,,i, for every j G {0, . . . , ^/}. 
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Example 7.1. Let X/S be an SNC-modcl with special fiber X^. = 3-04 + Di + 
D2 + 1?3, where Di meets D4 in a unique point for i £ {1, 2, 3}, and with no further 
intersection points. Let R' / R be a tame extension of degree 7, and let y/S' be the 
minimal desingularization of the normalization X' of Xs' ■ 

The singularities of X' are formally isomorphic to cr = (1,3,7). From Examplc l4.3l 
we know that the exceptional locus of the resolution of a consists of two components 
of multiplicity 1. Let us write Cj and Cf for the components corresponding to the 
edge El = {Di,Di). 

We can now write = Yl'i=i ''^i^i + Y^j=i{^] + ^|)- The first part of a special 
filtration is then 

4 

Zs ■■=yk-Y. < • • • < ^fc - (Ci + C2) < 3^fc - Ci < yu, 

and the second part looks like 

Q<Cl<Cl + Cl<...<Ze- {Cl + Cl) <Zs- C\ < Ze. 

7.4. In the rest of this paper, we shall always choose complete filtrations of yk 
that are of the form 

(7.1) Q<...<Z,^<...<Z,,=Z£<...<Z,,^<...<Z,,^yk, 

where Z^-^j < Z^,. and Z^._^_-^ < Z^. are subfiltrations as described above. We shall 
soon see that the chosen orderings of the sets £ and V are irrelevant. 

The nice feature of working with filtrations like this becomes evident when one 
wants to do trace computations a la Section [5) Then we may actually reduce to 
considering subfiltrations Z^,.^-^ < Z^j., which we interpret as contributions from the 
vertices of F, and subfiltrations Z^.^-^ < Z^. , which we interpret as contributions 
from the edges. 

7.5. Let us fix a vertex v G V. We shall now define and calculate the contribution 
to the trace from v. To do this, we choose a filtration of yk as in Section FTSI ab ove . 
Then there will be a subfiltration of the form: 

Zs < <...<z^,<...<zl^z.,<yk, 

where Z^ — Z'^^^ ~ C^,, for all 1 < fc < m^. The invertible sheaf associated to the 
k-th step in this filtration is £^ := j*{2^k+i), where jv : ^ y is the canonical 
inclusion. 

We will use the following easy lemma, whose proof is omitted. 

Lemma 7.2. Assume that S' /S is a nontrivial extension. If Ci and C2 are two 
distinct components of yk, corresponding to elements in V, then they have empty 
intersection. 

In what follows, we will suppress the index v, to simplify notation. Let Di, . . . , Df 
be the irreducible components of Z that intersect C non-trivially, and that are not 
equal to C. Let denote the multiplicity of Di. It follows from Lemma lTT^ that the 
Di are exceptional components. Moreover, it follows from the way we constructed 
the filtration that the Di are precisely the components of yk different from C that 
have non-empty intersection with C. We can then write 

Z'^+i = (m - k)C + aiDi + ... +afDf + Zq, 

where all components of Zq have empty intersection with C. So we get that 

(7.2) Z:^- =.7*Iz-+i = (2'c|c)^'"-'^»(2:z3jc)®"^ (Id, Ic)^"^'. 

Let g be an element of G = /i.„, corresponding to a root of unity ^. Note that 
the restriction of the automorphism 17 to C is id^. Let 
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be the automorphism induced by g. 

Definition 7.3. We define the contribution to the trace from the vertex v G V a.s 
the sum 

m 1 

T'-.(O=EE(-l)'Tr,(0^_,). 

k=l p=0 

The proposition below gives an effective formula for the contribution from a 
vertex v: 

Proposition 7.4. The contribution to the trace from the vertex v is given by the 
formula 

ni—l 

Tr40 = E - k)C^ + 1 - Va{C)), 

where am is an inverse to m modulo n. 

Proof: By Proposition [531 we have that 
1 

E(-l)^ Tr^(<,J = A..(degc(/:'=) + l-Pa{C)), 

p=0 

where is the eigenvalue of the automorphism C{y) ^{y), for any point y E C. 
The proof will consist of specifying precisely the terms appearing in this formula. 
Let us first compute deg,^ (£'"'). Since Tc = Oy{—C), it follows that 

degc(Jclc) = dcgciOyi~C)\c) = ~dcgc{Oy{C)\c) = ~C^. 
Furthermore, for any ig {!,...,/}, we have that Id. = Oyl^-Di), and hence 

degc{lD,\c) = degc{Oy{~D,)\c) = -1. 

It then follows from Equation 17.21 that 

dcgciC'') = -(m - k)C^ - (ai + . . . + a/). 

On the other hand, we have that — = (ai + . . . + a/)/m, and therefore we get 
that degciC") = kC^. 

We now claim that Afc = (^"m)™^*^. To see this, let D be one of the components 
of yk meeting C, and denote by y the unique point where they intersect. Then D is 
part of a chain of exceptional curves. Denote by L the length of this chain. Using 
the notation and computations in Proposition 14. 1[ with C = Cl+i and D = Cl, 
we can identify the fiber of Ic y = yL with < z^+i >. The eigenvalue of zl+i 
for the automorphism induced by ^ was precisely equal to ^""^ , so it follows that 
Afc = (^"m)™-'^. The result follows by re-indexing. □ 

Remark 7.5. In particular, it is clear that this formula is independent of how we 
have chosen to order the elements in V. 

7.6. Let us now choose an edge e e £. In the filtration of 3^^, we can find a 
subfiltration < < < 3^^, with the refinements 

Ze,L(e) + l < ■ • ■ < < . . . < Z^.l = ^e, 

for any Z G {1, . . . , ^(e)}, and further refinements 

^e,i + l = ^ej^"^ < . . . < Z^i < . .. < Zli = Zs,l, 

where - Z^+^ = C^j, for any fc G {1, . . . , /ij. 

As we are working with a fixed e, we will for the rest of this section suppress the 
index e, to simplify the notation. Take now an integer I G {1, . . . , L — 1}, and let 
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ji : Ci ^ y he the canonical inclusion. Consider then the subfiltration involving 
the component Cf. 

...< zj"+^ < ...<zf < ...<zl < .... 

At the fc-th step in this filtration, we have Zf - Zf+^ = Ci for all 1 < fc < ^h. The 
associated invertible sheaf at the fc-th step is 

(7.3) £f jT(^zrO = (^cJcJ®^'-'= ® (Xc.JcJ®'"^^ 

For I ~ L, we note that since all components in Z^ other than Cl have empty 
intersection with Ci, we get instead 

Let g G G be a group element corresponding to a primitive root of unity ^. The 
restriction g\c, has fixed points exactly at the two points yi and yi-i where Ci 
meets the rest of the special fiber. We need to compute the fibers at yi and yi-i 
of , and the corresponding eigenvalues for the automorphisms induced by g at 
these fibers. 

Let g & G correspond to a root of unity ^ G and let 
cf,'['P ■.HP{Ci,Cf)^HP{Ci,Cf) 
be the automorphism induced by g. We can then define the expression 

p=0 

Notation 7.6. Since appears so frequently in our formulas, we introduce the 
notation x — C"^ ■ 

Proposition 7.7. For a primitive root ^, the expression Trf{£^) can be computed 
in the following way: 

(i) // 1 G {2, . . . , L — 1}, we have that 



for any = 1, . . . , /i/. 

(ii) If I = 1, we get 

TrliO = — + 

for any = 1, . . . 
(iii) Finally, if I — L, we get 

^rL-2(p.L-k) 1 



for any fc = 1, . . . 

Proof: We will give the proof in case {ii), when Z G {2, . . . , L — 1}, and we will use 
the notation and results from Section [D Recall also that C'l ~ j*T^k+i, where 



and where Xq has support away from C'l and C;+i. 

The fixed points of the automorphism g : Ci Ci are the two points yi-i and 
yi where C/ meets the other components of Zk- The fibers of Cf in the fixed points 
are 

Cfiyi.^)^I^k+.iyi_,)=I^^'-\yi.,) =< >«^'-^ 
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and 

Cl{m)=i^.,.{m)=i^';^-\vi)®x^';i^^\m) wi >«^-^ ®<zi >«^'+^ . 

Using Proposition 14.11 we compute that the eigenvahie for the automorphism on 
C^{yi-i) (resp. C^{yi)) is [x^^-^Y^-^ (resp. (^-'■^'"-"(x'^'-O^'+O- 

Let dg{yi,) be the automorphism of the cotangent space to C; at the fixed point 
y-i, induced by g. Using Proposition 14. II again, we compute that the eigenvalue of 
dg{yi~i) (resp. dg{yi)) is x"'''"' (resp. 

We can therefore use Proposition 15.61 to conclude that 



□ 



1 _ x-n~i 1 - x'-'-i 

We can then make the following definition: 
Definition 7.8. Let 

(7.4) TraO:=EETrs/e)- 

1=1 k=i 

We say that Tr£(^) is the contribution to the trace from e £ £. 

Remark 7.9. Let us note that Tre(^) is defined entirely in terms of the intrinsic 
data of the singularity associated to e. Furthermore, this expression does not depend 
on the order in which we chose s. It is also clear that this expression does not depend 
on the chosen subfiltration of the divisor '^fjfi m^.C^i- 

Remark 7.10. It is also easy to see that since Tre(^) is in fact a polynomial in ^, 
the same formula is valid for any (possibly non-primitive) root of unity. 

We will now show that we obtain a formula for J2p=o(~^y Tr^((/)P), where (p^ 
is the automorphism of H^{yk, ^Vk) induced by 5, in terms of the vertex and edge 
contributions discussed above. 

Theorem 7.11. Let g Cz G be a group element corresponding to a root of unity 
^ G Then we have that 

Furthermore, this expression depends only on the combinatorial data (r(A'fc), g, m) 
associated to Xk- 

Proof: We begin with choosing a special filtration 

Q < . . . < Z,^ < . . . < Z,, = Zs < . . . < Z,,^ < . . . < Z.,, = yk. 

It then follows from Proposition 16. 71 that 

1 

E(-l)^ Tr^(0P = E Tr.(C) +ETrs(0, 

p=0 veV e££ 

where Tr^,(^) is the expression defined in Definition 17.31 and Tre(^) is the expression 
defined in Definition 17.81 

It follows from Proposition 17.41 that Tr„ (^) only depends on the combinatorial 
structure of Xk- Likewise, Proposition 17.71 gives that Tre(^) only depends on the 
combinatorial structure of Xk- Therefore, the same is true for the sum of these 
expressions. □ 
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7.7. An explicit trace formula. In [TUI, an explicit formula for Trg(^) is obtained. 
We present this formula here, without proof. Let us assume that e is analytically 
isomorphic to the singularity a = (mi, m2, n), with notation as in Section [4l 

Before giving the formula, we will first need to note a certain regularity of the 
minimal resolution of a = {mi, 7712, n), when n runs through positive integers prime 
to p, and with the same residue class modulo M. 

Proposition 7.12 ([IH], Proposition 7.10). Let mi, 1112 be positive integers, let 
m — gcd(mi,m2), and let M = lcm(mi,m2). Let us furthermore fix a positive 
integer hq that is not divisible by p and that is relatively prime to M . Then the 
following properties hold: 

(i) There exists an integer K ^ 0, such that the multiplicities of the compo- 
nents in the minimal resolution of the singularity a = (mi, 7712, n), where 
n = uq + KM , satisfy 

HQ > ^ii > . . . > = . . . = m = . . . = /-'L+i-ii < . . . < Ml < ML+i, 

where L denotes the length of the singularity a. 

(ii) The integers fi2, ■ ■ ■ , MZo '^''^ uniquely determined by fj,o and fii, and simi- 
larly /ii+i_;j, . . . ,/Ul-i are uniquely determined by o,nd /ii+i. 

(iii) For any extension of degree n' ^ n + kM , where k > 0, we have that the 
multiplicities fi'^ of the components in the minimal resolution of the singu- 
larity a' = {mi,m2,n') will only differ from the sequence of multiplicities 
associated to a by inserting m's "in the middle". 

In other words, for all n sufficiently big and with a fixed residue class modulo 
M, we have that the multiplicities of the irreducible components of the exceptional 
components of the desingularization of cr = (mi,m2,n) are of the form as in part 
(i) of the proposition above. Increasing n will only increase the length of the part 
of the components with constant multiplicity equal to m. 

Example 7.13. Consider the singularity (mi,m2,n) with mi = 3, m2 = 4 and 
where n =12 5. We will use the notation (/x^+i, /x^, fiL-i, ■ ■ • , Mi; Mo)n for the multi- 
plicities of the components in the resolution. Then we easily compute the sequences 
(3,2,3,4)5, (3,2,1,2,3,4)17 and (3,2,1,1,2,3,4)29. This illustrates Proposition 
l7.12l above. which then tells us that we have the sequence (3, 2, 1, . . . , 1, 2, 3, 4)5+^.12, 
as soon as fc > 1. 

In the situation where e corresponds to the singularity a ~ {mi,m2,n), where 
n ^ with the interpretation above, it is proved in [lOj that Tr^ = Tr^, where Tr^- 
is given by the formula below. 

Theorem 7.14 (|10j. Theorem 10.9). Let a — (mi,m2,n) be a singularity, where 
0. Let m = gcd(mi, 7712), and let am (resp. a^ni, resp. 0^.2) be inverse to m 
(resp. mi, resp. m2) modulo n. For any root of unity ^ G we have that 



Mo 



=0 



ML+l 



The coefficients in this expression depend only on the residue class of n modulo 
lcm(mi, m2). 

With this formula at hand, one can effectively compute traces. Indeed, as long 
as n is large compared to the multiplicities of the irreducible components of X^, 
the expressions Tr^ can be computed using Theorem 17.141 The demand that n 
should be "large" is no setback in the applications in the next section, where we 
are interested in the characters when n grows to infinity. 
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Example 7.15. Let mi = 2 and m2 = 3. Then 1\I = 6 and m = 1. So there 
are two cases to consider, namely n =g 1 and n =e 5. In the first case, one 
checks that the list of multiplicities is (/iL+i, • • • , /^o) = (2, 1, ■ • ■ , 1, 2, 3)„, and that 
Tra-{S,) = 2 + where as is an inverse to 3 modulo n. 

In the second case, where n =g 5, one finds instead that the list of multiplicities 
is (2, 1, ... , 1, 3)„, and that the formula gives Tra-{0 = 1. 

8. Character computations and jumps 

Let X/K be a smooth, projective and geometrically irreducible curve, and let 
X / S he the minimal SNC-model of X. We have in previous sections studied prop- 
erties of the action of /2„ on the cohomology groups W{yk,Oy^), where y is the 
minimal desingularization of the puUback Xs' for some tame extension S' / S of 
degree n. 

We will throughout this section make the following assumption: 

Assumption 8.1. For any g > 1, wc assume that the greatest common divisor of 
the multiplicities of the irreducible components of Xk is 1. If g = 1, we assume in 
addition that X/K has a rational point. 

Let J / S he the Neron model of the Jacobian of X. We will in this section 
apply our results to the study of the filtration {T'^Jk}, where a G Z(p-) n [0,1], 
that we defined in Section [2. 61 We will first prove some general properties for these 
filtrations, and then present some computations for curves of genus g = 1 and 5 = 2. 

We would at this point like to remark that in order to make the /x„-action on 
H^{yk, Oy^) compatible with the action on Tj^_q, wc have to let /x„ act on R' by 
[^](7r') = ^~^7r', for any ^ G We made the choice in previous sections, when 
working with local rings, to let fi„ act by [CK^r') = ^tt', in order to get simpler 
notation. This means that the irreducible characters for the representation on 
Tj' Q are the inverse characters to those we compute when using our formulas for 
the representation on H^{yk,Oy^). 

8.1. Theorem 17.111 states that the Brauer trace of the automorphism induced by 
any group element ^ G //.„ on the formal difference H^{yk, Oy^) —H^{yk, Oy^) only 
depends on the combinatorial structure of Xk- If Assumption 18 . 1 1 is valid, wc can 
improve this result, and get a similar result for the character of the representation 
of /x„ on H^yu.Oy,): 

Theorem 8.2. Let X/K he a smooth, projective and geometrically connected curve 
having genus g{X) > 0, and assume that Assumption \8. 1\ holds. Let X be the min- 
imal SNC-model of X over S. Furthermore, let S' / S be a tame extension of degree 
n, where n is relatively prime to the least common multiple of the multiplicities of 
the irreducible components of Xk, and let y/S' be the minimal desingularization of 
Xs'. 

Then the irreducible characters for the representation of on (3^^ , Oy,^ ) only 
depend on the combinatorial data (r(Afc),g,m) associated to Xk- 

Proof: Let g E G correspond to the root ^ G Then, by Theorem 17. Ill wc have 
that 

p=0 vGV e££ 

where 0^ is the automorphism induced by g on HP{yk,Oy^). The contributions 
Trtj(,^) can be computed using ProDOsition l7.41 and the contributions Tr£(^) can be 
computed by Proposition [7?7l In this way, we obtain a formula for the Brauer trace 
of the automorphism induced by any ^ G /x„ on the formal difference iJ" {y^ , Oy^ ) — 

H\yk,Oy,). 



28 



LARS HALVARD HALLE 



Since Assumption 18.11 holds, wc have that H'^{yi;,Oy^) = k ([2]; Lemma 2.6). 
Furthermore, the /x„-action on is relative to the ground field fc, so it follows that 
the character for the representation of /i„ on H^{yk, Oy,,) is 1. 

We therefore obtain the formula 

Tr/3(</'J) = l-(ETr.(0 + ETr-(^))- 

Since the expressions Tru(^) and Tre(^) only depend on the combinatorial structure 
of Xk, the same is true for Tr^(0P). This completes the proof, since the Brauer 
character for the representation of /x„ on H^{yk, Oy^,) is determined by the Brauer 
trace for the group elements ^ e □ 

Let J^/S be the Neron model of the Jacobian of X/K. Theorem 18.21 has the 
following consequence for the filtration {T'^Jk}'- 

Corollary 8.3. The jumps in the filtration {J-°'J^k} with indices in H [0,1] 
depend only on the combinatorial data {T{Xk), Q,m). In particular, the jumps do 
not depend on the residue characteristic p. 

Proof: Let S' / S be a tame extension of degree n, where n is prime to I, the least 
common multiple of the multiplicities of the irreducible components of Xk- Let 
J' I S' be the Neron model of the Jacobian of Xk' ■ Recall from Section [2T8l that we 
could make the identification H^iykiOy^) = Tj^^^q. 

The jumps in the filtration of Jk induced by the extension S' / S are determined 
by the irreducible characters for the representation of on Tjj^ q. However, this 
representation is precisely the representation of /x„ on H^{yk,Oyi,), if we let /x„ 
act on R' by = for every ^. By Theorem 18.21 the character for this 

representation only depends on the combinatorial data {r{Xk),0,m). 

Since "^(ip) H [0,1] is dense in Z(p) n [0,1], we conclude that the jumps of the 
filtration {J-°'J'k} with indices in Z(p) n [0, 1] only depend on T{Xk), and m. □ 

With the two results above at hand, we can draw some conclusions about where 
the jumps occur in the case of Jacobians. Let us first recall the following terminology 
from |10| : An irreducible component C of Xk is called principal if either Pa{C) > 0, 
or if C is smooth and rational and meets the rest of the components of Xk in at 
least three points. 

Corollary 8.4. Let h be the least common multiple of the multiplicities of the 
principal components of Xk- Then the jumps in the filtration {J-°'Jk} occur at 
indices of the form i/n, where Q < i < h. 

Proof: Let us first recall that if X obtains semi-stable reduction over a tame 
extension K' / K , then the Jacobian of X obtains semi-abclian reduction over the 
same extension (see [S]). Furthermore, the minimal extension that gives semi- 
abelian reduction is the unique tame extension K / K oi degree n ([10|. Paper I 
Theorem 7.1). So in this case, the statement follows from Proposition 12.31 

Let us now assume that X needs a wildly ramified extension to obtain semi-stable 
reduction. Consider the combinatorial data (r(Afc),g,m). It follows from [20] . 
Corollary 4.3, that we can find an SNC-model Z/Spec(C[[t]]), where the generic 
fiber of Z is smooth, projective and geometrically connected, and where the special 
fiber of Z has the same combinatorial data as Xk . 

Let J'z be the Neron model of the Jacobian of the generic fiber of Z. Then the 
jumps of the filtration {J-^°'Jz.c} occur at indices of the form i/fi, where < i < h. 
The result follows now from Corollarv l8.3l □ 
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8.2. Let X/K be a smooth, projective and geometrically comiected curve, and 
let X/S be the minimal SNC-model of X/K. It is known that for a fixed genus 
5 > 2, there are only finitely many possibilities for the combinatorial structure of 
the special fiber of X/S, modulo chains of (— 2)-curves ([2], Theorem 1.6). The 
same statement is, as we shall see below, also true for elliptic curves. 

Let J /S be the Neron model of the Jacobian of X. Since, by Corollary [831 the 
jumps of the filtration {!F°'Jk} only depend on the combinatorial structure of X^, 
one can, for each (? > 0, classify these jumps. In the next sections, we will give the 
jumps for every fiber type of genus 1 and 2. 

Remark 8.5. It is not hard to see that chains of (— 2)-curves do not affect the 
jumps. 

8.3. Computations of jumps for 3 = 1. Let X/K be an elliptic curve, and let £ 
be the minimal regular model oi X . It is a well known fact that there are only finitely 
many possibilities for the combinatorial structure of the special fiber f/., modulo 
chains of (— 2)-curves. The various possibilities were first classified in |13j . and this 
is commonly referred to as the Kodaira classification. For another treatment of this 
theory, we refer to [T5], Chapter 10.2. If now X/S denotes the minimal SNC-model 
of X, it follows that there are only finitely many possibilities for the combinatorial 
structure of -Y^, each one derived from the Kodaira classification. The symbols 
/, //, . . . appearing in Table [1] below are known as the Kodaira symbols and refer to 
the fiber types in the Kodaira classification. 

Let J/S be the Neron model of J{X) ~ X. It follows from CoroUarv 18.31 and 
CoroUarv 18.41 that the (unique) jump in the filtration {J-"'Jk} only depends on the 
fiber type of X/S, and can only occur at finitely many rational numbers. In Table 
[T] below, we list the jumps for the various Kodaira types. Note that we obtain the 
same list as the one computed in [9] by R. Schoof. 

We would like to say a few words about how these computations are done. For 
each fiber type, we consider an infinite sequence (nj)jgN, depending on the fiber 
type, where Uj — > oo as j — > oo. For each Uj in this sequence, let Rj / R be the tame 
extension of degree Uj, and let TTj be a uniformizing parameter of Rj. Furthermore, 
let n^. act on Rj by [^](7rj) = ^tt^. We can then use Theorem 17. Ill to compute the 

character for the induced representation of on H^{yl, Oyj), where denotes 
the minimal desingularization of Xs^, and where Sj = Spec(i?j). This character is 
on the formx(0 =f^^'^- In particular, when Uj ^ 0, we obtain an explicit formula 
for i(j), using Theorem 17. 141 

The character for the representation of on Tjj ^ is the inverse of this charac- 
ter, x~^{0 = C The jump of {.F"j7fc} will then be given by the limit of the ex- 
pression [-iU)]n,/nj as j -> oo, where [-i(j)]„j. =nj and < [~i{j)]„j < 

In Example 18.61 below, we explain in detail how these computations are done for 
fiber type IV in the Kodaira classification. 

Example 8.6. Let X/S have fibertype IV . In this case, the combinatorial data of 
Xk consists of the set of vertices V = {ui, . . . , W4}, where m{vi) = 1 for i £ {1, 2, 3}, 
and m(u4) = 3. Furthermore, we have that Q{vi) ~ for all i. The set of edges 
is S = {£1,62, £3}, where corresponds to the unique intersection point of the 
components Vi and W4, for i = 1, 2, 3. Let us choose the ordering (vi, va) for all i. 

Let now n 3> be a positive integer relatively prime top and to lcm({m(wi)}) = 3, 
and let R' / R be a tame extension of degree n. Let /i.„ act on R' by [^](7r') = ^tt' 
for any ^ £ where tt' is a uniformizing parameter for R' . 



30 



LARS HALVARD HALLE 



For any g <E G, corresponding to a root of unity ^ e Theorem 17.111 states 
that 

1 

p=0 vev ee£ 

Let (T be the singularity (l,3,n). Then we have that Tr^. (^) = Trcr(C) for aU 
i G {1,2,3}. It suffices to consider the case where n =3 1. One computes easily 
that /i; = 1 for alH € {1, . . . , L{a)}. From Theorem 17. 141 we immediately get that 
Tre.(0 = 1, for aU i. 

Proposition 17.41 states that 

TTlu — 1 

k=0 

for any v G V, where am^m.^ =„ 1. As C^. = —1 for i G {1,2,3}, we see that 
Trui(C) = for these vertices, and since C^^ = -1, it follows that Tr.„J^) = 
-2 - In total, we get 

TT0{e{H'{g\y,))) = 3 + (-2 - C') = 1 - 

We can therefore conclude that the character for the representation of /x„ on 

In order to compute the jump of the filtration {T'^Jk}, where J7 is the Neron 
model of J{X) ~ X, we have to use the inverse character, which is X~^{0 — ^'""-^l" , 
where [— aajn = —as modulo n, and < [— aajn < n. The jump will be given by 
the limit of the expression ([— Q;3]„)/n as n goes to infinity over integers n that are 
equivalent to 1 modulo 3. 

Since n = 1 + 3 ■ /i, for some integer h, we get that a-i — ^^3^" , where < as <n. 
Therefore, the jump occurs at the limit of ([— a3]n)/n = which is 1/3. 



Table 1. Genus 1 



Fibcrtypc 


(/) 


(/)* 








(//)* 


,///, 


{III)* 




{ivy 


Jumps 





1/2 





1/2 


1/6 


5/6 


1/4 


3/4 


1/3 


2/i 



8.4. Computations of jumps for g ~ 2. Let X/K be a curve having genus 
equal to 2. Like in the case for elliptic curves, there are finitely many possibilities, 
modulo chains of (— 2)-curves, for the combinatorial structure of the special fiber of 
the minimal regular model of X. Moreover, there exists a complete classification of 
the various possible fiber types. This classification is mainly due to A. P. Ogg (|17j). 
with the exception of a few missing cases which were filled in by Y. Namikawa and 
K. Ucno in pj]. We use the classification and notation in 

Let X / S he the minimal SNC-model of X, and let J'/S be the Neron model 
of the Jacobian of X. The jumps in the filtration {J-'^Jk} depend only on the 
combinatorial structure of A^, and can occur only at a finite set of rational numbers. 

In order to compute the jumps for each fibcrtypc, wc proceed more or less in the 
same manner as we did in the case of elliptic curves. In Example 18. 7) we explain in 
detail how this is done for fiber type VI in the classification in [16] . 

The jumps for the various genus 2 fiber types are listed in tables [5] through [5] 
below. 

Example 8.7. We consider fiber type VI in the classification in [TB]. In this 
case, the set of vertices of T{Xk) is V = {vi, . . . ,vj}, where g(fi) = for all i. 
Furthermore, we have that m{vi) = 1 for i = 1,7, m{vi) = 2 for i = 2, 5, 6, m(u3) = 3 
and m{v4) = 4. The set of edges is £ = {ei, £2, £3, £4, £5, se}, where £1 = (wi,u2), 

£2 = {V2,V3), £3 = (^3,^4), £4 = {V5,V4:), £5 = iv6,V4) and £6 = {V7,V4). 
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We have that lcm({m(wi)}) — 12. Let n be any integer not divisible by p, 
and such that =12 1. Let R' /R be the extension of degree n, and let tt' be a 
uniformizing parameter of R' . Let y be the minimal desingularization of Xs'. We 
let act on R' by [CKt^') = £,tt' , for any ^ G /x„. 

Now, let ^ G /x„ be a root of miity. For any u G V, Proposition 17.41 gives that 

— 1 
k=0 

As the computations are similar for all v G V, we only do this explicitly for U3. 
We have that pa{Cv^) = giv^) = 0, so it remains only to compute C^^. The edge 
£2 corresponds to the singularity a2 — (2, 3,n) and the edge £3 corresponds to 
the singularity CT3 = (3,4, n). Denote by the exceptional components in the 
resolution of tJ2, and by Cp the components in the resolution of 173. Then C^^ and 
C^^ are the only two components of 3^^ that meet C^,., (note the ordering of the 
formal branches in and CT3). It is easily computed that /i^^ = 2 and that /i^^ = 1. 
So it follows that C,^^ = — 1, and therefore 

Tr,3(C) = -2-r^ 
For the other vertices, we compute that 

Tr„,(O = Tr„,(O = 0, 



Tr,,(0=Tiv,(0=Tr,„(0 = -l, 

and 

Tr,, (0 = -7 - - 3(r^)2 - {C-f. 

Next, we must compute the contributions from the singularities. We will only 
write out the details for £3 = (^3, ^4). In this case, we need to compute Tro-3(^). It 
is easily computed that [f^^ = 3 and [fj^ = 1. Theorem 17. 141 then gives that 

Tr,3(0 = Tr,3(0 = 3 + 2^^ + {^^f. 

For the contributions from the other edges, we compute in a similar fashion that 

Tr,,(0-Tr,,(0-1, 



Tr,,(0 = 2 + r^ 

and 

Tr,,(0=Tr,,(C)=3 + r^ + (r^)2. 
Summing up, we get 

7 6 

i=\ i=l 

We can therefore conclude that the irreducible characters for the induced represen- 
tation of M„ on H\yk, Oy,) are XiiO = C"^ and X2(C) = f''^- 

The irreducible characters for the representation of /x„ on Tj^ q induced by the 

action [^](7r') ~ C^^tt' on R' are the inverse characters of these, Xi^iO — ^""^ and 
X2^iO — C^^"^- It is easily seen that [— a4]„ = {n — l)/4, and that [— 3a4]„ = 
(3n — 3)/4. Hence the jumps occur at the limits 1/4 and 3/4 of these expressions 
as n goes to infinity. 
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Table 2. Genus 2, Elliptic type [1] 



Fiber type 


Jo-o-o 


-'o-o-o 


II 


III 


IV 




Jumps 





1/2 


0, 1/2 


1/3, 2/3 


1/6, 5/6 


1/6, 2/6 



V* 




y// 


vir 


y/// - 1 


VIII - 2 


4/6, 5/6 


1/4, 3/4 


1/8, 3/8 


5/8, 7/8 


1/10, 3/10 


3/10, 9/10 



VIII - 3 


VIII - 4 


IX - 1 


IX -2 


IX -3 


/X-4 


1/10, 7/10 


7/10, 9/10 


1/5, 3/5 


1/5, 2/5 


3/5, 4/5 


2/5, 4/5 



Table 3. Genus 2, Elliptic type [2] 



Iq - h-m 


Jo* - Jo* - m 


Iq- In -m 


2/o — m 


2/q — m 


Iq — 1 1 — m 





1/2 


0, 1/2 


0, 1/2 


1/4, 3/4 


0, 1/6 



Jo - ir -m 


/o - /y - m 


Jo -IV* -m 


/o* - II -m 


Jo* - //* - m 


0, 5/6 


0, 1/3 


0, 2/3 


1/6, 3/6 


3/6, 5/6 



Jo* -11* - a 


Jo* - /y - ?71 


/* - IV* - m 


/* -IV* - a 


Jo - III -m 


3/6, 5/6 


1/2, 1/3 


1/2, 2/3 


1/2, 2/3 


0, 1/4 



/o - ///* - m 


/o* - /// - m 


Jo* - ///* - m 


Jo* - ///* - a 


211 - m 


0, 3/4 


1/4, 2/4 


2/4, 3/4 


2/4, 3/4 


1/12, 7/12 



211* - m 


II -II - m 


// - //* - m 


//* - ir -m 


//* -ir - a 


5/12, 11/12 


1/6, 1/6 


1/6, 5/6 


5/6, 5/6 


5/6, 5/6 



// - /y - TO 


// - /y* - TO 


//* -IV -m 


//* -IV -a 


//* _ /j/* _ TO 


1/6, 2/6 


1/6, 4/6 


2/6, 5/6 


2/6, 5/6 


4/6, 5/6 



//* -IV* - a 


2/y - TO 


2/y* - TO 


/y - /y - TO 


IV -IV* -m 


4/6, 5/6 


1/6, 4/6 


2/6, 5/6 


1/3, 1/3 


1/3, 2/3 



IV* -IV* -m 


/y* -IV* - a 


// - /// - TO 


// - ///* - TO 


2/3, 2/3 


2/3, 2/3 


2/12, 3/12 


2/12, 9/12 



//* - III -m 


//* - III -a 


//* - ///* - TO 


//* - ///* - a 


2/12, 10/12 


3/12, 10/12 


9/12, 10/12 


9/12, 10/12 



7F -Ill-m 


jy - ///* - TO 


IV - III* - a 


IV* - III -m 


3/12, 4/12 


4/12, 9/12 


4/12, 9/12 


3/12, 8/12 



IV* - III* - TO 


IV* - III* - a 


2III - TO 


2Iir - m 


8/12, 9/12 


8/12, 9/12 


1/8, 5/8 


3/8, 7/8 



/// -III -m 


/// - ///* - m. 


///* - ///* - TO 


///* - ///* - a 


1/4, 1/4 


1/4, 3/4 


3/4, 3/4 


3/4, 3/4 



8.5. Final remarks and comments. It would be interesting to know, for a curve 
X/ K , the significance of the jumps in the filtration [J-'^Jk], where J is the Neron 
model of Jac{X). For instance, the sum of the jumps seems to be closely related to 
the so-called base change conductor defined in [4]. Furthermore, when A: = C, and 
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Table 4. Genus 2, Parabolic type [3] 





In - h- m 


/o - I* -m 


In - Iq -m 




Iq - In - m 








, 1/2 


, 1/2 


1/2 , 1/2 


1/2 , 1/2 



Iln-O 


TT* 


II — /„ — m 


//* -In-m 


IV - In - m 


IV* -In-m 


, 1/2 


, 1/2 


, 1/6 


, 5/6 


, 1/3 


, 2/3 



II - In - ^ 


//* - /* - m 


II* - In - a 


IV - I* - m 


IV* -I*-m 


1/6 , 3/6 


3/6 , 5/6 


3/6 , 5/6 


2/6 , 3/6 


3/6 , 4/6 



IV* -I* -a 


IV - Iln 


IV* - Iln 




//* - //* 


/// — In — m 


3/6 , 4/6 


, 1/3 


, 2/3 


1/6 , 3/6 


3/6 , 5/6 


, 1/4 



///* - /„ - m 


/// - /* - m 


///* - /,* - m 


///* - /* - a 


/// - //„ 


, 3/4 


1/4 , 2/4 


2/4 , 3/4 


2/4 , 3/4 


, 3/4 





III - Iln 


///* - //* 


, 3/4 


1/4 , 2/4 


2/4 , 3/4 



Table 5. Genus 2, Parabolic type [4] 



I-n-p-a 


In - Ip-m 


T* 

n — p — 


In - i; - 


In - I* -m 








1/2 


1/2 


0, 1/2 



2/„ - m 


21* - m 


Ijl — p 


Illn 


0, 1/2 


1/4 , 3/4 


0, 1/2 


1/4 , 3/4 



Table 6. Genus 2, Parabolic type [5] 





r 

71 — p—q 


Hn—p 


11* 

n — p 


Illn 


III* 





1/2 


0, 1/2 


0, 1/2 


1/3, 2/3 


1/6, 5/6 



g ~ 1 or 2, computations show that the jumps correspond to half of the eigenvalues 
of the monodromy operator. It would be interesting to know if this holds in general. 

It would be nice, if possible, to have a closed formula for the irreducible char- 
acters of the representation of /x„ on H^{yk,Oy^), where y is the minimal desin- 
gularization of Xs', and n = deg(S'/S). Such a formula would probably encode 
combinatorial properties of Xk- 

We do not know if our results remain true in the case where distinct components 
of Xk with multiplicities divisible by p intersect nontrivially. The main problem is 
the lack of a good description of the minimal dcsingularization of Xs' ■ 

Finally, we think it would be interesting to study filtrations for Neron models of 
abclian varieties that are not Jacobians. In that case, it is not so clear what kind 
of data would suffice in order to determine the jumps. For instance, is it true that 
all jumps are rational numbers? 
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